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Abstrat
Following an approah of the seond author [18℄ for onformally invariant vari-
ational problems in two dimensions, we show in four dimensions the existene of a
onservation law for fourth order systems, whih inludes both intrinsi and extrinsi
biharmoni maps. With the help of this onservation law we prove the ontinuity of
weak solutions of this system. Moreover we use the onservation law to derive the
existene of a unique global weak solution of the extrinsi biharmoni map ow in
the energy spae.
1 Introdution
In [18℄ the seond author found a proedure to rewrite seond order ellipti systems of the
form
−∆u = Ω · ∇u (1.1)
in divergene form. Here u is a map into Rm and Ω = Ωk ∂xk is a vetoreld tensored
with m ×m−anti-symmetri matries. The proedure onsists of nding a map A whih
takes values in the spae of m×m−invertible matries and a two-vetoreld tensored with
m×m−matries B = Bkl ∂xk ∧ ∂xl satisfying
∇A− A Ω + curl B = 0 (1.2)
where curlB is the matrix valued vetor eld (
∑
k ∂xkBkl) ∂xl . One the existene of
regular enough A and B satisfying (1.2) has been established, one observes that the
system (1.1) is equivalent to the following onservation law
div (A∇u+B · ∇u) = 0 (1.3)
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where the latter equation means in oordinates ∂xk(A∂xku + Bkl∂xlu) = 0 with impliit
summation onvention. It was shown in [18℄ that the above proedure works suessfully
in two dimensions for solutions u ∈ W 1,2 and for Ω ∈ L2. Writing the equation in the form
(1.3) permits to prove, without many additional eorts, results suh as the ontinuity of
W 1,2 solutions to (1.1) in two dimensions for a onnetion eld Ω ∈ L2 or the sequentially
weak ompatness in W 1,2 of these solutions, et. It was also observed in [18℄ that every
Euler Lagrange equation of an ellipti onformally invariant Lagrangian with quadrati
growth in two dimensions an be written in the form (1.1). In [19℄ Struwe and the seond
author used the existene of an "almost" onservation law, whih was motivated by the
onservation law (1.3), to give a new proof for the partial regularity of harmoni maps,
and generalizations thereof, in higher dimensions.
Working now in four dimensions and replaing the Laplaian by the Bilaplaian it is then
natural to ask how far the previous results an be extended to this new setting. We shall
use the following notation : L2 ·W 1,2(B4,M(m)) denotes the spae of linear ombination
of produts of an L2 map with an W 1,2 map from B4 into the spae of m ×m−matries
M(m). Our main result in this work is the following
Theorem 1.1. Let u ∈ W 2,2(B4,Rm) satisfy the equation
∆2u = ∆(V · ∇u) + div (w ∇u) +W · ∇u, (1.4)
where the potentials V and w are in W 1,2(B4,M(m)⊗∧1R4) respetively L2(B4,M(m))
and the potential W ∈ W−1,2(B4,M(m)⊗ ∧1R4) an be deomposed in the following way:
there exists ω ∈ L2(B4, so(m)) and F ∈ L2 ·W 1,2(B4,M(m)⊗ ∧1R4) suh that
W = ∇ω + F. (1.5)
Then u is ontinuous in B4.
Remark 1.2. The Theorem remains true if we only assume that F ∈ L
4
3
,1(B4,M(m) ⊗
∧1R4) (for a denition of the Lorentz spae L
4
3
,1
see setion 2.2.1).
As in [18℄ for solutions to (1.1), the previous result is based on the disovery of a
onservation law satised by solutions of (1.4). Preisely we establish in the present work
the following theorem.
Theorem 1.3. Let V and w be in W 1,2(B4,M(m)⊗∧1R4) respetively L2(B4,M(m)) and
let W ∈ W−1,2(B4,M(m)⊗ ∧1R4) satisfy (1.5) for F ∈ L2 ·W 1,2(B4,M(m)⊗ ∧1R4). Let
A ∈ L∞ ∩W 2,2(B4, Gl(m)) and B ∈ L2(B4,M(m)⊗ ∧2R4) satisfy the linear equation
∇∆A+∆A V −∇A w + A W = curl B, (1.6)
where curl B :=
∑
l ∂xlBlk ∂xk . Then u solves the equation (1.1) if and only if it satises
the onservation law
div[∇(A∆u)− 2∇A ∆u+∆A ∇u−Aw ∇u
+∇A (V · ∇u)− A ∇(V · ∇u)− B · ∇u] = 0,
(1.7)
where we use the notation B · ∇u := Bkl∂xlu ∂xk .
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Remark 1.4. We expet similar Theorems to remain true for general even order ellipti
systems of the type (1.4).
Theorem 1.1 will be a onsequene of the previous result and the following existene
result for A and B.
Theorem 1.5. There exists ε(m) > 0 suh that the following holds: Let V and w re-
spetively be in W 1,2(B42 ,M(m) ⊗ ∧
1
R
4) and in L2(B42 ,M(m)) and let W = ∇ω + F ∈
W−1,2(B42 ,M(m)⊗∧
1
R
4) satisfy (1.5) for F ∈ L2 ·W 1,2(B42 ,M(m)⊗∧
1
R
4). Assume that
‖V ‖W 1,2 + ‖w‖L2 + ‖ω‖L2 + ‖F‖L2·W 1,2 < ε(m), (1.8)
then there exist A ∈ L∞ ∩W 2,2(B4, Gl(m)) and B ∈ W 1,4/3(B4,M(m) ⊗ ∧2R4) satisfying
(1.6) on B4 with the following estimate
‖A‖W 2,2 + ‖dist(A, SO(m))‖L∞ + ‖B‖W 1,4/3
≤ C (‖V ‖W 1,2 + ‖w‖L2 + ‖ω‖L2 + ‖F‖L2·W 1,2) .
(1.9)
The previous theorems apply to lassial ritial fourth order non-linear ellipti systems
in four dimensions suh as intrinsi and the extrinsi biharmoni maps into Riemannian
manifolds.
Theorem 1.6. Let Nn be a losed submanifold of Rm. Let u in W 2,2(B4, Nn) be a ritial
point in W 2,2(B4, Nn) of the funtional
Bext(u) =
∫
B4
|∆u|2 dx, (1.10)
or of the funtional
Bint(u) =
∫
B4
|(∆u)T |2 dx, (1.11)
where (∆u)T is the tension eld of u : the projetion of ∆u on the tangent spae Tu(x)N
to N at u(x). Then u satises an equation of the form (1.1) where V , w and W satisfy
the assumptions of Theorem 1.1.
Remark 1.7. Another example of equations whih an be written in the form (1.4) is given
by
−∆2u = Q(x, u,Du), (1.12)
where Q satises
|Q(x, z, p)| ≤ c|p|4 ∀ (x, z, p) ∈ Ω× Rn × R4n. (1.13)
In ontrast to the orresponding two dimensional problem (see [7℄) this implies in partiular
that a quarti nonlinearity in the gradient is not ritial for fourth order systems in four
dimensions. The regularity of solutions of (1.12) was rst studied by Wang [24℄.
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Therefore, Theorem 1.3 and Theorem 1.5 permit to write the extrinsi and intrinsi
biharmoni map equation into arbitrary target manifolds in divergene form and this yields
a new and simple proof of the regularity of these maps in four dimensions (for previous
results see [2℄, [21℄, [24℄ and [26℄). The illustration of the above result by giving the expliit
values of V , w, W , A and B in the partiular ase where Nn is the unit sphere Sn of Rn+1
is instrutive: a lassial omputation (see [2℄, [21℄ and [26℄) tells us that u is an extrinsi
biharmoni map (i.e. a W 2,2 ritial point of (1.10) for perturbations in W 2,2(B4, Sn)) if
and only if it satises (1.1) for V , w and W given by


V ij = ui∇uj − uj∇ui
wij = div V ij − 2|∇u|2δij
W ij = ∇(div V ij) + 2
[
∆ui ∇uj −∆uj ∇ui
]
(1.14)
Observe that div W = 0. This implies that there exists B ∈ L2(B4,M(m) ⊗ ∧2R4) suh
that W = curl B. Then u satises (1.7) with


A = Im
B s.t. W = curl B.
(1.15)
This onservation law was known in the partiular ase where the target Nn is the standard
round sphere Sn →֒ Rn. The main ontribution of the present work is to show that this
onservation law is stable and keeps existing while hanging the target to an arbitrary
one. Similarly u is an intrinsi biharmoni map (i.e. a W 2,2 ritial point of (1.11) for
perturbations in W 2,2(B4, Sn)) if and only if it satises (1.1) for V , w and W given by


V ij = ui∇uj − uj∇ui
wij = div V ij
W ij = ∇(div V ij) + 2
[
∆ui ∇uj −∆uj ∇ui + |∇u|2
(
ui ∇uj − uj ∇ui
)]
(1.16)
Observe that in this ase also div W = 0. Again there exists B ∈ L2(B4,M(m) ⊗ ∧2R4)
suh that W = curl B. Then u satises (1.7) with


A = Im
B s.t. W = curl B
(1.17)
In the seond part of the paper we use the onservation law (1.7) to show the global
existene of a unique weak solution of the extrinsi biharmoni map ow (i.e. the gradient
ow for the energy Bext) in four dimensions in the energy spae. More preisely we onsider
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a smooth, ompat, four-dimensional Riemannian manifold M without boundary and we
study the paraboli system,
∂tu = −∆
2u−∆(V · ∇u)− div(w∇u)−W · ∇u in D′(M × (0, T )),
u(·, 0) = u0,
(1.18)
where V , w and W are as in (2.25) and u0 ∈ W
2,2(M,N). As mentioned above we prove
the following
Theorem 1.8. For all u0 ∈ W
2,2(M,N) there exists a unique global weak solution u ∈
H1([0, T ], L2(M,N)) ∩ L2([0, T ],W 2,2(M,N)) of (1.18) with non-inreasing energy B
ext
.
In [12℄ the rst author proved the longtime existene of a smooth solution of (1.18)
assuming a smallness ondition on the initial energy. Gastel [8℄ and Wang [27℄ proved the
existene of a unique global weak solution (whih is smooth away from nitely times) of
(1.18) and higher order generalisations of this ow.
The orresponding theorem for the harmoni map ow was proved by Freire [4℄, [5℄, [6℄
following previous work of the seond author [17℄. Global existene of solutions of gradient
ow for Bint has been shown by the rst author [13℄ in the ase of a target manifold with
non-positive setional urvature.
2 Proof of Theorems 1.1.1.6.
2.1 Proof of Theorem 1.3.
Theorem 1.3 is proved by a diret omputation. More preisely we have for general A, B,
u, V , w, W in the spaes given in the statement of the Theorem that
div [∇(A∆u)− 2∇A ∆u+∆A ∇u−Aw ∇u+∇A (V · ∇u)−A ∇(V · ∇u)]
= A [∆2u−∆(V · ∇u)− div (w ∇u)−W · ∇u]
+ [∆∇A+∆A V −∇A w + A W ] · ∇u
(2.1)
Combining this equation with the fat that
div(B · ∇u) = ∂xk(Bkl∂xlu) = ∂xkBkl ∂xlu = curl B · ∇u
(we are using the fat that B takes values in M(m) ⊗ ∧2R4 and thus : Bkl = −Blk)
we dedue that (1.7) holds if and only if u is a solution of equation (1.4). This proves
Theorem 1.3.
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2.2 Proof of Theorem 1.5.
2.2.1 Some results on Lorentz spaes.
The Lorentz spaes will play an important role in the proof of Theorem 1.5 and we reall
some lassial fats about these spaes whih where proved in [14℄, [15℄, [16℄ and also
exposed in [9℄, [10℄, [20℄ and [22℄. Let f be a measurable funtion on Ω a domain in Rk
and denote by f ∗(t) the equimeasurable dereasing rearrangement of f whih is a funtion
on R+ satisfying
|x ∈ Ω ; |f |(x) > λ| = |t ∈ R+ ; f
∗(t) > λ|
For f measurable in Ω we introdue
f ∗∗(t) =
1
t
∫ t
0
f ∗(s) ds
and, for every 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞, we dene the following funtional whih
happens to be a norm on the set of measurable funtions for whih it is nite
‖f‖Lp,q =


(∫ ∞
0
(t1/pf ∗∗(t))q
dt
t
)1/q
if 1 ≤ q <∞
sup
t>0
t1/pf ∗∗(t) if q =∞.
The set of funtions f for whih ‖f‖Lp,q is nite is a Banah spae for this norm and it
is alled Lorentz Lp,q spae. It happens that Lp,p is the standard Lp spae, that, if Ω is
bounded, Lp,q(Ω) embeds into Lp
′,q′(Ω) if and only if p > p′ or q′ ≥ q in the ase that
p = p′. We shall use the following lassial results on Lorentz spaes: rst of all Lp,q ·Lp
′,q′
embeds ontinuously into Lr,s if 1
p
+ 1
p′
≤ 1 for
1
r
=
1
p
+
1
p′
and
1
s
=
1
q
+
1
q′
,
and
‖fg‖Lr,s ≤ C ‖f‖Lp,q ‖g‖Lp′,q′ .
Moreover we will use the fat that Calderon-Zygmund operator maps ontinuously Lp,q
into Lp,q for 1 < p < +∞ and that the dual spae of L2,1 is L2,∞. Finally, the Lorentz-
Sobolev-spaeWm,p,q(Ω) of funtions whose rst m derivatives are in Lp,q embeds into Lp
∗,q
where 1/p∗ = 1/p − m/k. We shall use the previous results in the following situations:
W 1,2(B4) embeds into L4,2(B4), the produt of two funtions in L4,2 is in L2,1, the produt
of a funtion in L2 with a funtion in W 1,2 is in L4/3,1, a funtion whose Laplaian is in
L2,1(B4) is ontinuous (see also the proof of Theorem 1.1), et.
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2.2.2 Proof of Theorem 1.5.
Let V and w be in W 1,2(B42 ,M(m) ⊗ ∧
1
R
4) respetively L2(B42 ,M(m)) and let W =
∇ω + F ∈ W−1,2(B42 ,M(m) ⊗ ∧
1
R
4) satisfy (1.5) for F ∈ L2 ·W 1,2(B42 ,M(m) ⊗ ∧
1
R
4).
Assume that
∆ = ‖V ‖W 1,2 + ‖w‖L2 + ‖ω‖L2 + ‖F‖L2·W 1,2 < ε(m), (2.2)
where ε(m) will be hosen small enough later. Using standard ellipti theory we get the
existene of Ω ∈ W 1,2(B42 , so(m)⊗ ∧
1
R
4) satisfying


div(Ω) = −ω in B42
‖Ω‖W 1,2 ≤ c ‖ω‖L2 ≤ c ε(m)
(2.3)
Then for ε(m) small enough we an apply Theorem A.5 in order to get a Coulomb gauge:
a 2-vetoreld ξ = ξkl ∂xk ∧ ∂xl ∈ W
2,2(B42 , so(m) ⊗ ∧
2
R
4) (i.e. ξkl = (ξ
ij
kl)ij ∈ so(m) and
we have ξijkl = −ξ
ji
kl and ξ
ij
kl = −ξ
ij
lk) and a map U ∈ W
2,2(B42 , so(m)) suh that

Ω = P∇P−1 + P curl ξ P−1
P := exp(U)
‖U‖W 2,2(B4
2
) + ‖ξ‖W 2,2(B4
2
) ≤ c ‖ω‖L2(B4
2
).
(2.4)
We alulate
∇ω = −∇divΩ
= −∇
(
∇P · ∇P−1 + P ∆P−1 + div(P curl ξ P−1)
)
= −P ∇∆ P−1 +K1.
(2.5)
Using the fat that
div(P curl ξ P−1) = ∇P · curl ξ P−1 + P curl ξ · ∇P−1,
(2.4) and the properties of Lorentz spaes we mentioned in the previous subsetion, we
have
‖K1‖L4/3,1 ≤ c ‖ω‖
2
L2. (2.6)
We now proeed with some a-priori omputations (before having the existene of A and B).
Consider an element A ∈ W 2,2 ∩ L∞(B42 , Gl(m)) and an element P as in (2.4). Denoting
A˜ := AP we then have
∇∆A˜−∇∆(A˜ P−1) P
= −A˜ ∇∆P−1 P −∇A˜ ∆P−1 P −∆A˜ ∇P−1 P − 2∇(∇A˜ · ∇P−1) P.
(2.7)
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Combining this with (1.6) and (2.5) we get
∇∆A˜ = −∆(A˜P−1)V P +∇(A˜P−1)wP − A˜(−∇∆P−1 + P−1K1)P + (curlB)P
−A˜ ∇∆P−1 P −∇A˜ ∆P−1 P −∆A˜ ∇P−1 P − 2∇(∇A˜ · ∇P−1) P
= −∆A˜K2 −∇
2A˜K3 +∇A˜K4 − A˜K5 + (curlB)P,
(2.8)
where we have the estimate
||K2||W 1,2 + ||K3||W 1,2 + ||K4||L2 + ||K5||L
4
3
,1 ≤ c∆. (2.9)
Instead of aiming to solve (2.8) we use a ut-o funtion φ ∈ C∞0 (B
4
2), with φ = 1 in B
4
and |∇lφ| ≤ c for all l ∈ N, to get new maps V = φV , w = φw, F = φF , ξ = φξ, U = φU
and P = eU . These maps agree with the original maps on B4 and are zero on ∂B42 . Another
feature of these new maps is that their various Sobolev or Lorentz norms are estimated
by the orresponding norms of the original maps. With the help of the equations (1.5),
(2.4), (2.5) and (2.8) we get new maps ω, Ω and K i, i ∈ {1, . . . , 5} from all these modied
funtions. By these onsiderations we see that instead of solving (1.6) we an also solve
the equation
∇∆A +∆A K2 +∇
2A K3 −∇A K4 + A K5 = (curlB)P, (2.10)
for A and B. First we want to solve the system
∆2Aˆ = (curlB) · ∇P − div(∆AˆK2 +∇
2AˆK3 −∇AˆK4 + AˆK5 +K5),
curl(curlB) = curl
(
(∇∆Aˆ) + ∆AˆK2 +∇
2AˆK3 +∇AˆK4 + AˆK5 +K5)P
−1)
,
dB = 0,
Aˆ = ∂∆Aˆ
∂ν
= 0 on ∂B42 ,
B · ν = 0 on ∂B42 ,
∫
B4
2
∆Aˆ = 0,
(2.11)
where we use the notation:
If B = Bkl ∂xk ∧ ∂xl is a two-vetoreld, then
dB =
∑
i,k,l
∂Bkl
∂xi
∂xi ∧ ∂xk ∧ ∂xl,
B · ν =
∑
k,lBkl νl ∂xk
(2.12)
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and for a (one-)vetoreld C = Ck ∂xk we dene
curlC =
∑
k,l
(
∂Ck
∂xl
− ∂Cl
∂xk
)
∂xk ∧ ∂xl. (2.13)
Using Lemma A.3 and the above remarks we get
||Aˆ||L∞ + ||Aˆ||W 2,2 + ||∇∆Aˆ||L 43 ,1 ≤ c||dB||L 43 ,1 ||∇P
−1
||L4,2
+c∆(||Aˆ||W 2,2 + ||Aˆ||L∞) + c∆.
(2.14)
Furthermore from Lemma A.1 we get
||dB||
L
4
3
,1 ≤ c||∇∆Aˆ||L
4
3
,1 + c∆(||Aˆ||W 2,2 + ||Aˆ||L∞) + c∆. (2.15)
By a standard xed-point argument we get the existene of solutions Aˆ and B. The maps
A∗ = Aˆ+ id and B then satisfy || dist(A⋆, SO(n))||L∞ ≤ cε and
∇∆A∗ +∆A∗K2 +∇
2A∗K3 −∇A
∗K4 + A
∗K5 − (curlB)P = curlC, (2.16)
where C ∈ W 1,
4
3
,1(B42 ,M(m)⊗ ∧
2
R
4). From this we see that
curl(curlCP
−1
) = 0 in B42 ,
C · ν = 0 on B42 .
(2.17)
By Lemma A.2 we get that C is identially zero and therefore we get our desired solution
A and B of equation (1.6) in B4.
2.3 Proof of Theorem 1.1.
From Theorem 1.3 and Theorem 1.5 we see that
∆(A∆u) = divK, (2.18)
in B 1
2
, where K ∈ L2 ·W 1,2(B 1
2
) ⊂ L
4
3
,1(B 1
2
). Using Lp-theory in Lorentz spaes we get
A∆u ∈ L2,1loc(B 1
4
) and therefore ∆u ∈ L2,1loc(B 1
4
). Let us rst assume that u is smooth. Then
we extend u|B 1
4
to all of R
4
with ompat support suh that the extension u˜ satises
||∆u˜||L2,1(R4) + ||u˜||W 1,2(R4) ≤ c(||∆u||L2,1(B 1
4
) + ||u||W 1,2(B 1
4
)) ≤ c. (2.19)
In the following we let G(x) = c log |x| be the fundamental solution of ∆2 on R4. Sine
|∆G| = O( 1
|x|2
) ∈ L2,∞(R4) we onlude that for all y ∈ B 1
8
|u(y)| = |u˜(y)| = |
∫
R4
∆2G(y − z)u˜(z)dz|
= |
∫
R4
∆G(y − z)∆u˜(z)dz|
≤ c||∆u˜||L2,1(R4)
≤ c(||∆u||L2,1(B 1
4
) + ||u||W 1,2(B 1
4
)).
(2.20)
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Using the density of smooth maps in {v ∈ W 2,2(B 1
4
)| ||∆v||L2,1(B 1
4
) + ||v||W 1,2(B 1
4
) < ∞}
we see that u ∈ C0(B 1
8
). This proves Theorem 1.1.
2.4 Proof of Theorem 1.6.
Smooth extrinsi biharmoni maps satisfy the equation (see for example [12℄)
−∆2u =
∑m
i=n+1(∆〈∇u, (dνi ◦ u)∇u〉+∇ · 〈∆u, (dνi ◦ u)∇u〉
+〈∇∆u, (dνi ◦ u)∇u〉)νi ◦ u,
(2.21)
where {νi}
m
i=n+1 is an orthonormal frame of the normal spae of N near u(x) for all x ∈M .
Now we rewrite this equation term by term.
〈∇∆u, (dνi ◦ u)∇u〉νi ◦ u = ∇u
k∇∆uj((νi ◦ u)
s(dkνi ◦ u)
j − (νi ◦ u)
k(dsνi ◦ u)
j)
(2.22)
For the seond term we have
∇ · 〈∆u, (dνi ◦ u)∇u〉νi ◦ u = ∇ · (∇u
k∆uj((νi ◦ u)
s(dkνi ◦ u)
j)
−∇uk∆uj(dkνi ◦ u)
j∇(νi ◦ u)
s.
(2.23)
Finally we alulate
∆〈∇u, (dνi ◦ u)∇u〉νi ◦ u = ∆(∇u
k∇uj((νi ◦ u)
s(dkνi ◦ u)
j)
−2∇ · (∇uk∇uj(dkνi ◦ u)
j∇(νi ◦ u)
s)
+∇uk∇uj(dkνi ◦ u)
j∆(νi ◦ u)
s.
(2.24)
Therefore the laim follows by dening
W = ∇∆uj
(
(νi ◦ u)
s(dkνi ◦ u)
j − (νi ◦ u)
k(dsνi ◦ u)
j
)
+∇uj(dkνi ◦ u)
j∆(νi ◦ u)
s −∆uj(dkνi ◦ u)
j∇(νi ◦ u)
s,
w = ∆uj(νi ◦ u)
s(dkνi ◦ u)
j − 2∇uj(dkνi ◦ u)
j∇(νi ◦ u)
s,
V = ∇uj(νi ◦ u)
s(dkνi ◦ u)
j,
ω = ∆uj
(
(νi ◦ u)
s(dkνi ◦ u)
j − (νi ◦ u)
k(dsνi ◦ u)
j
)
,
F = −∆uj∇
(
(νi ◦ u)
s(dkνi ◦ u)
j − (νi ◦ u)
k(dsνi ◦ u)
j
)
+∇uj(dkνi ◦ u)
j∆(νi ◦ u)
s −∆uj(dkνi ◦ u)
j∇(νi ◦ u)
s.
(2.25)
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In the general ase (when we an not loalize in the target to nd a loal orthonormal frame
of the normal spae) we use the following equivalent equation for extrinsi biharmoni maps
∆2u = ∆(A(u)(∇u,∇u)) +∇ · (〈∇(P (u)),∆u〉) + 〈∇(P (u)),∇∆u〉,
(2.26)
whih was rst derived by Wang [25℄, and where A is the seond fundamental form of the
embedding N →֒ Rm and P (y) : Rm → TyN is the orthogonal projetion on the tangent
spae of N at the point y. With the help of this equation we see that we an always rewrite
extrinsi biharmoni maps in the desired form.
In the ase of intrinsi biharmoni maps we note that we have the relation
Bint(u) = Bext(u)−
∫
B4
|A(u)(∇u,∇u)|2dx.
(2.27)
This implies that the Euler-Lagrange equation of Bint diers from the Euler-Lagrange
equation of Bext only by the term oming from the variation of
∫
B4
|A(u)(∇u,∇u)|2dx. It
is easy to see that this term is of the form
∇ · (g2∇u) + g1∇u, (2.28)
where g2 ∈ L
2
and g1 ∈ L
2 ·W 1,2 (for details see [25℄). This proves the laim.
3 Proof of Theorem 1.8.
In this setion we apply the onservation law obtained in setion 2 to study the existene
of a unique global weak solution of the extrinsi biharmoni map ow in the energy spae.
Before proving Theorem 1.8 we need a regularity result for L2-perturbations of extrinsi
biharmoni maps.
Lemma 3.1. Let f ∈ L2(M,Rm) and let u ∈ W 2,2(M,N) be a weak solution of
∆2u = ∆(V · ∇u) + div(w∇u) +W · ∇u+ f in M, (3.1)
where V , w and W are as in (2.25). There exists ε > 0 and C > 0 suh that if
κ(u;R) :=
∫
B32R(x)
(|∇2u|2 +
1
R2
|∇u|2) < ε, (3.2)
for some R > 0 and x ∈M , then u ∈ W 4,2(BR(x), N) and we have the estimate∫
BR(x)
|∇4u|2 ≤
cκ(u;R)
R4
+ c
∫
B32R(x)
|f |2. (3.3)
Proof. Let ε be as in Theorem 1.5. By Theorem 1.3 and Theorem 1.5 we know that there
exists A ∈ L∞ ∩W 2,2(B16R(x), Gl(m)) with ∇∆A ∈ L
4
3 (B16R(x),M(m)),
|| dist(A, SO(m))||L∞ ≤ cε and B ∈ W
1, 4
3 (B16R(x),M(m)⊗ ∧
2
R
4) suh that
Af = ∆(A∆u)− div
(
2∇A∆u−∆A∇u− Aw∇u−∇A(V · ∇u)
+A∇(V · ∇u) +B · ∇u
)
.
(3.4)
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Arguing as in the proof of Lemma A.3 we get that ∆u ∈ W 1,
4
3 (B8R(x),R
m). Next we
hoose a smooth ut-o funtion ϕ ∈ C∞0 (B8R(x)) with ompat support suh that ϕ ≡ 1
in B4R(x) and ||∇
jϕ||L∞ ≤
c
Rj
for 0 ≤ j ≤ 4. From this it is easy to see that v := ϕu
solves
ϕAf + g = ∆(A∆v)− div
(
2∇A∆v −∆A∇v −Aw∇v −∇A(V · ∇v)
+A∇(V · ∇v) +B · ∇v
)
,
(3.5)
where
g = ∆(A div(u∇ϕ))− div
(
2∇A div(u∇ϕ)−∆Au∇ϕ−Awu∇ϕ−∇A(V · u∇ϕ)
+A∇(V · u∇ϕ) +B · u∇ϕ
)
∈ L
4
3 (B8R(x)).
(3.6)
Now we dene v˜ = A∆v and we laim that for ε small enough and all 4
3
≤ p < 2 the
operator
S : W 1,p(B8R(x),R
m)→ W 1,p(B8R(x),R
m),
S(v˜) = v˜ −∆−1 div
(
2∇A∆v −∆A∇v − Aw∇v −∇A(V · ∇v)
+A∇(V · ∇v) +B · ∇v
)
(3.7)
is a bijetion. First we onsider the ase
4
3
< p < 2. We note that by the Sobolev embedding
the assumption v˜ ∈ W 1,p(B8R(x),R
m), 4
3
< p < 2, implies that ∇2v ∈ Lq(B8R(x),R
m) with
1
q
+ 1
4
= 1
p
and ∇v ∈ Lr(B8R(x),R
m) with 1
r
+ 1
2
= 1
p
. Moreover we have the estimate
||∇∆v||Lp + ||∇
2v||Lq + ||∇v||Lr ≤ c||v˜||W 1,p. (3.8)
We estimate
|| div
(
2∇A∆v −∆A∇v − Aw∇v −∇A(V · ∇v) + A∇(V · ∇v) +B · ∇v
)
||W−1,p
≤ c||
(
2∇A∆v −∆A∇v −Aw∇v −∇A(V · ∇v) + A∇(V · ∇v) +B · ∇v
)
||Lp
≤ c||∇A||L4(||∇
2v||Lq + ||V ||L4||∇v||Lr) + c||B||L2||∇v||Lr
+c||∇2A||L2||∇v||Lr + c||w||L2||∇v||Lr + c||V ||L4||∇
2v||Lq + c||∇V ||L2||∇v||Lr
≤ cε||v˜||W 1,p,
(3.9)
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where we used the estimates of Theorem 1.5, (2.25) and (3.8) in the last step. Sine
∆−1 is a ontinuous map from W−1,p(B8R(x),R
m) into W 1,p0 (B8R(x),R
m), this shows that
S : W 1,p(B8R(x),R
m) → W 1,p(B8R(x),R
m) is a bijetion for every 4
3
< p < 2 and ε small
enough.
Arguing as in the proof of Lemma A.3 it is easy to see that the same is true in the ase
p = 4
3
. This implies in partiular that v˜ = A∆v ∈ W 1,p0 (B8R(x),R
m), for every p < 2, whih
then implies that u ∈ W 3,p(B4R(x),R
m) for every p < 2. Next we use (3.1) iteratively to
get rst u ∈ W 4,p(B2R(x),R
m) for every p < 2 and then u ∈ W 4,2(BR(x),R
m).
To prove (3.3) we use the interpolation inequality
∫
M
ϕ4(|∇u|8 + |∇2u|4 + |∇3u|
8
3 ) ≤ cκ(u;R)
∫
M
ϕ4|∇4u|2 +
cκ(u;R)
R4
, (3.10)
see [12℄, where ϕ is a ut-o funtion as above. From this and the expliit form of the
equation (2.25) the laim follows.
Now we are able to prove Theorem 1.8.
Proof of Theorem 1.8.
By previous results of Gastel [8℄ and Wang [27℄ we know that for every u0 ∈ W
2,2(M,N)
there exists a unique weak solution of (1.18) whih is smooth away from nitely many
times and for whih the energy Bext is monotonially dereasing. Let us denote the rst
singular time of the solution by T = T (u0) and let us denote the unique smooth solution by
v ∈ C∞(M × (0, T ), N). As in the work of Freire [4℄ on the harmoni map ow we realize
that it only remains to prove that u = v in M × (0, T ), where u ∈ H1([0, T ], L2(M)) ∩
L2([0, T ],W 2,2(M)) is a solution of the ow in the energy spae. The uniqueness then
implies that u is smooth on M × (0, T ) and we an iterate the argument.
In the following we let U = u − v. By Lemma 3.1 we know that U(t) ∈ W 4,2(M,N) for
almost every t ∈ [0, T ). Covering M by balls BRt(xi) suh that at most nitely many of
the balls B32Rt(xi) interset and that we have
K(t, Rt) := κ(u(t);Rt) =
ε
2
, (3.11)
where ε is as in Lemma 3.1. A onsequene of [8℄ and [12℄ is that T is haraterized by
the fat that Rt → 0 as t → T . Using the nite overing property and the estimate (3.3)
we get ∫
M
|∇4u|2 ≤ cK(t,Rt)
R4t
+ c
∫
M
|∂tu|
2
≤ c
(3.12)
for almost every t ∈ (0, T ). Therefore we an diretly follow the uniqueness proof of Gastel
[8℄ for the smooth situation to onlude that U ≡ 0 and this nishes our proof.
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A Appendix
In the appendix we ollet ertain existene results and estimates for seond and fourth
order systems whih we need in Setion 2 and 3. Instead of proving these results for
vetorelds we prove them for forms. The two-vetoreld B = Bkl ∂xk∧∂xl an be identied
with the two-form B = Bkl dxk ∧ dxl. The dierential operator curl for two-vetorelds
is the same as δ for two-forms and the operator d for two-vetorelds is the same as
the exterior derivative d for two-forms. Moreover the operator curl for one-vetorelds
C = Ck ∂xk is the same as d for the orresponding one-form C = Ck dxk. With the help of
these identiations one easily sees that the Theorems below imply the results whih were
needed in the proofs of the Theorems 1.1.1.5.
Lemma A.1. Let f ∈ L
4
3
,1(B4,M(m)⊗ ∧1R4) and let B ∈ W 1,
4
3
,1(B4,M(m)⊗ ∧2R4) be
a solution of
dδB = df in B4,
dB = 0 in B4 and
i⋆∂B4(⋆B) = 0
(A.1)
then we have
||dB||
L
4
3
,1(B4)
≤ c||f ||
L
4
3
,1(B4)
. (A.2)
Proof. Using the Hodge deomposition (see [11℄, Corollary 10.5.1) and an interpolation
argument (see [10℄) we an write
f = dα + δβ,
where α ∈ W 1,
4
3
,1(B4,M(m)) and β ∈ W 1,
4
3
,1(B4,M(m)⊗ ∧2R4) satisfy
||α||
W 1,
4
3
,1(B4)
+ ||β||
W 1,
4
3
,1(B4)
≤ c||f ||
L
4
3
,1(B4)
. (A.3)
Moreover we have i⋆∂B4(⋆β) = 0 and β an be written as β = dβ˜, where
β˜ ∈ W 1,
4
3
,1(B4,M(m)⊗∧1R4). Dening B = β we see that B solves (A.1) and the estimate
(A.2) follows from (A.3). From the fat that the homogeneous problem orresponding to
(A.1) has only the trivial solution we get the desired result.
Lemma A.2. There exists ε > 0 suh that for every P ∈ W 1,4(B4, SO(m)) satisfying
||dP ||L4(B4) + ||dP
−1||L4(B4) ≤ ε, (A.4)
the only solution C ∈ W 1,
4
3 (B4,M(m)⊗ ∧2R4) of
d(δCP−1) = 0,
i⋆∂B4(⋆C) = 0
(A.5)
is C = 0.
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Proof. First of all we laim that we an without loss of generality assume that C = dγ for
some γ ∈ W 1,
4
3 (B4,M(m)⊗∧1R4). If this is not the ase we use the Hodge deomposition
for δC (see [11℄) to get
δC = dα + δβ,
i⋆∂B4(⋆β) = 0 and
β = dγ.
(A.6)
From this we see that dα is harmoni and i⋆∂B4dα = 0 whih yields dα = 0. Therefore
replaing C with β proves the laim. This implies that additional to (A.5) we an assume
dC = 0.
Sine d(δCP−1) = 0 we get the existene of f ∈ W 1,
4
3 (B4,M(m)) suh that
δCP−1 = df. (A.7)
This implies that
∆f = ⋆(d(⋆C) ∧ dP−1) in B4,
f = const. on ∂B4.
(A.8)
By subtrating the onstant we an assume that f is zero on the boundary. Using the
results of Coifman, Lions, Meyer and Semmes [3℄ gives
||df ||
L
4
3 (B4)
≤ c||dP−1||L4(B4)||dC||L
4
3 (B4)
. (A.9)
On the other hand with the remarks from above we have that
dδC = d(dfP ),
dC = 0,
i⋆∂B4(⋆C) = 0.
(A.10)
Using Lemma A.1 (without the interpolation argument to get estimates in Lorentz spaes)
we get
||dC||
L
4
3 (B4)
≤ c||df ||
L
4
3 (B4)
. (A.11)
Combining this with (A.9) we get that d(⋆C) = 0. Using (A.10) this implies that ⋆C is
harmoni and with the help of i⋆∂B4(⋆C) = 0 we onlude that ⋆C ≡ 0.
In the next Lemma we prove a version of Wente's inequality for fourth order systems.
The proof of this Lemma relies on the fat that the fundamental solution G of ∆2 on R4
is a multiple of log r.
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Lemma A.3. Let u ∈ W 2,2(B4,Rm) be a solution of
−∆2u = ⋆(dv ∧ dw) + div f in B4,
u =
∂
∂ν
∆u = 0 on ∂B4 and
∫
Ω
∆u = 0,
(A.12)
where v ∈ W 1,p(B4,Rm ⊗ ∧2R4), w ∈ W 1,q(B4,Rm) (1
p
+ 1
q
= 1) and f ∈ L
4
3
,1(B4,R4m).
Then we have
||u||L∞ + ||u||W 2,2 + ||∆u||L2,1 + ||∇∆u||L
4
3
,1 ≤ c||dv||Lp||dw||Lq + c||f ||L
4
3
,1 . (A.13)
Proof. First we onsider a solution u1 of
−∆2u1 = ⋆(dv ∧ dw) in B
4,
u1 =
∂
∂ν
∆u1 = 0 on ∂B
4
and
∫
Ω
∆u1 = 0.
(A.14)
Due to the above mentioned fat that G(x) = log |x| we an follow the proof of the Wente
inequality for the two-dimensional ase word by word (see for example [1℄ or [9℄) and get
the desired estimate for u1. The L
4
3
,1
-estimate for ∇∆u1 and the L
2,1
-estimate for ∆u1
follow from the work of Coifman, Lions, Meyer and Semmes [3℄ applied to ∆(∆u1) and the
embeddings W 1,1 →֒ L
4
3
,1
and W 2,1 →֒ L2,1 in four dimensions (see [16℄).
Next we onsider the solution u2 of
−∆2u2 = div f in B
4,
u2 =
∂
∂ν
∆u2 = 0 on ∂B
4
and
∫
Ω
∆u2 = 0.
(A.15)
By lassial Lp-theory and interpolation (see [10℄) we obtain u2 ∈ W
2,2
and ∇∆u2 ∈ L
4
3
,1
with the desired estimate. To derive the L∞-bound of u2 we assume rst that u2 ∈
C∞(B4,Rm). Then we extend u2 to all of R
4
with ompat support and we let uˆ2 denote this
extension. Moreover, by interpolation, we an assume that ||∇∆uˆ2||L
4
3
,1 ≤ c(||∇∆u2||L
4
3
,1+
16
||u2||W 2,2). Due to the fat that ∇G ∈ L
4,∞
we an estimate
|uˆ2(x)| = |
∫
R4
∆2G(y − x)uˆ2(y)dy|
= |
∫
R4
∇G(y − x)∇∆uˆ2(y)dy|
≤ c||∇∆uˆ2||L
4
3
,1
≤ c(||∇∆u2||L
4
3
,1 + ||u2||W 2,2).
(A.16)
By density the L∞-bound of u2 follows. Finally the L
2,1
-bound for ∆u follows from the
embedding L
4
3
,1
1 →֒ L
2,1
(see [14℄, [15℄). Altogether this gives the desired estimates for
u.
Remark A.4. A speial situation of the above result is the ase f ∈ W 1,1(B4,Rm) →֒
L
4
3
,1(B4,Rm).
Next we prove the gauge transformation result whih we need for the proof of Theorem
1.5.
Theorem A.5. There exists ε > 0 and c > 0 suh that for every Ω ∈ W 1,2(B4, so(m) ⊗
∧1R4) satisfying
∫
B4
|∇Ω|2 + (
∫
B4
|Ω|4)
1
2 < ε, (A.17)
there exists ξ ∈ W 2,2(B4, so(m)⊗ ∧2R4) and U ∈ W 2,2(B4, so(m)) suh that
Ω = e−UdeU + e−Ud⋆ξeU ,
d(i⋆∂B4 ⋆ ξ) = 0,
||U ||W 2,2(B4) + ||ξ||W 2,2(B4) ≤ c(||∇Ω||L2(B4) + ||Ω||L4(B4)).
(A.18)
Proof. The result follows by a ompatness argument from the following Lemma A.6.
Lemma A.6. There exists ε > 0 and c > 0 suh that for every α > 0 and every Ω ∈
W 1,2+α(B4, so(m)⊗ ∧1R4) satisfying
∫
B4
|∇Ω|2 + (
∫
B4
|Ω|4)
1
2 < ε, (A.19)
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there exists ξ ∈ W 2,2+α(B4, so(m)⊗ ∧2R4) and U ∈ W 2,2+α(B4, so(m)) suh that
Ω = e−UdeU + e−Ud⋆ξeU , (A.20)
d(i⋆∂B4 ⋆ ξ) = 0, (A.21)
||U ||W 2,2(B4) + ||ξ||W 2,2(B4) ≤ c(||∇Ω||L2(B4) + ||Ω||L4(B4)) and (A.22)
||U ||W 2,2+α(B4) + ||ξ||W 2,2+α(B4) ≤ c(||∇Ω||L2+α(B4) + ||Ω||L4+2α(B4)). (A.23)
Proof. Sine the proof of this result follows losely the arguments given in [18℄, [19℄ and
[23℄ we only sketh the main ideas here. For α > 0 we introdue the set
Uαε,C := {Ω ∈ W
1,2+α(B4, so(m)⊗ ∧1R4)|
∫
B4
|∇Ω|2 + (
∫
B4
|Ω|4)
1
2 < ε
and there exist P and ξ satisfying (A.20)− (A.23)}.
Sine Ω ≡ 0 ∈ Uαε,C it remains to show that, for ε > 0 small enough and C large enough,
the set Uαε,C is both open and losed in the path-onneted set
Vαε := {Ω ∈ W
1,2+α(B4, so(m)⊗ ∧1R4)|
∫
B4
|∇Ω|2 + (
∫
B4
|Ω|4)
1
2 < ε}.
The proof of the losedness relies on the fat that we have the embedding W 2,2+α(B4) →֒
C0,β(B4), for some β > 0. This allows to pass to the limit in (A.20). The openness follows
as in [18℄, [19℄ and [23℄.
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